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Abstract
New physics at the TeV scale can affect the dynamics of the electroweak phase transition
in many ways. In this paper, we evaluate its impact on the rate of baryon-number viola-
tion via sphaleron transitions. We parametrize the effect of new physics with dimension-six
operators, and we use the Newton-Kantorovich method to numerically solve the resulting
equations of motion. Depending on the sign of the coefficient of the dimension-six opera-
tors, their presence can either increase or decrease the sphaleron energy at the level of a few
percent, parametrically of order m2W /Λ
2 where Λ is the scale suppressing the dimension-six
operator. The baryon number washout condition, typically written as vc/Tc > 1, is directly
proportional to the sphaleron energy, and we discuss how the presence of dimension-six
operators can affect electroweak baryogenesis.
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1 Introduction
Electroweak baryogenesis provides a minimal and compelling scenario for testing the idea that
the matter / antimatter asymmetry of the Universe arose at the electroweak phase transition
[1–6]. The Standard Model lacks the necessary ingredients for electroweak baryogenesis, and
in general new physics is required if this scenario is to be successful. Various papers have
studied the effect of these new particles and interactions on different aspects of electroweak
baryogenesis: the strength of the electroweak phase transition, charge transport at the bubble
wall, CP-violating interactions, bubble wall dynamics, and so on. In this work, we are interested
in the effect of new physics on the washout of baryon number.
In the Standard Model, baryon number is not a conserved charge, but rather the correspond-
ing Abelian symmetry U(1)B is anomalous under the electroweak gauge group SU(2)L ×U(1)Y
[7]. Consequently, baryon number can be violated by nonperturbative electroweak processes. In
the Higgs phase at finite temperature, the relevant process is a gauge-Higgs field configuration
called the electroweak sphaleron [8, 9]. As particles in the plasma experience baryon-number-
violating interactions, the system passes through the sphaleron configuration. Thus the rate
of baryon-number violation is Boltzmann suppressed as Γ/B ∼ exp[−Esph/T ] where Esph is the
energy of the sphaleron configuration, which corresponds to the “height” of the potential barrier
[10–13].
An accurate calculation of the sphaleron energy is important for assessing the viability of
electroweak baryogenesis. In this scenario the matter / antimatter asymmetry of the Universe is
generated during the electroweak phase transition. If the electroweak sphaleron is in equilibrium
during the phase transition, then it will wash out the baryon asymmetry. The requirement of
washout avoidance is expressed as a lower bound on the thermal expectation value of the Higgs
field v(T ) = 〈H〉. The washout avoidance condition is written as [1–4]1
v(Tpt)
Tpt
& 1×
(
Esph,0
9 TeV
)−1
(1)
where Esph,0 is the energy of the electroweak sphaleron at zero temperature, and Tpt ∼ 100 GeV
is the temperature of the electroweak phase transition. If the presence of new physics changes
the energy of the sphaleron configuration, then the washout avoidance condition is tightened or
loosened accordingly [15–18].
In order to remain general, we now adopt the perspective of effective field theory (EFT).
That is, we will suppose that the presence of new particles and interactions can be captured by
extending the Standard Model with operators that are built from Standard Model fields and
have mass dimension > 4. In fact, the leading-order operators that directly affect the sphaleron
energy first appear at mass dimension-six. (For instance, some of these operators can arise
1When defined in the conventional way, the electroweak order parameter, v(Tpt)/Tpt, depends on the gauge-
fixing scheme that is used to calculate the thermal effective potential [14]. This issue needs to be addressed
in a full finite-temperature calculation of baryon number washout, but since we are primarily interested in the
gauge-invariant sphaleron energy Esph,0, we do not discuss this subtlety further here. See also the discussion in
Appendix D.
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when the Standard Model is extended by a scalar singlet field that is heavy and integrated out
of the theory [19].) We calculate the effect of these dimension-six operators on the sphaleron
energy and thus the washout avoidance condition (1). Since the dimension-six operators are
suppressed by Λ2 where Λ is the cutoff of the EFT, we can anticipate that these operators will
lead to a fraction shift in the sphaleron energy on the order of ∆Esph,0/E
SM
sph,0 = O(m
2
W/Λ
2)
where mW is the W-boson mass. Since constraints on the dimension-six operators typically
require Λ & 1 TeV, we expect an O(1%) effect on the sphaleron energy, which is confirmed by
our full numerical study.
We have attempted to be systematic and exhaustive in our survey of dimension-six operators
and their effects on the electroweak sphaleron. In this regard, our work can be viewed as an
extension of the study in Ref. [20] where a few higher-dimension operators were considered and
the sphaleron solution was calculated. However, although we are motivated by baryon number
washout in electroweak baryogenesis, the operators that we study here do not represent viable
models of baryogenesis in and of themselves. This is because electroweak baryogenesis also
requires that the electroweak phase transition be first order, and it requires an additional source
of CP violation. The operator O6 = −(H†H)3 does cause the electroweak phase transition
to become first order if the operator coefficient is sufficiently large [21, 22], but it does not
lead to additional CP violation. Other operators do violate CP, but they do not affect the
nature of the electroweak phase transition. However, electroweak baryogenesis becomes viable
with a combination of multiple operators (possibly also involving the fermions, which we have
not included in our study) [23–28]. Whereas it is customary to apply the washout avoidance
condition as simply v(Tpt)/Tpt & 1, our work demonstrates a degree of model dependence in
the “1.”
The remainder of this article is organized as follows. In Sec. 2 we introduce the dimension-six
operators, calculate their contribution to the Higgs and gauge field equations, and impose the
sphaleron Ansatz to derive the sphaleron equations of motion. In Sec. 3 we solve the sphaleron
equations of motion numerically, and we present our main results. We summarize in Sec. 4 and
propose directions for future work. The article is extended by four appendixes: in Appendix A we
present the energy-momentum tensor of the dimension-six operators, in Appendix B we motivate
the sphaleron Ansatz, in Appendix C we explain the numerical technique (Newton-Kantorovich
method) that was used to solve the sphaleron equations of motion, and in Appendix D we review
the derivation of the baryon number washout avoidance condition.
2 Dimension-Six Extension of the Electroweak Sector
2.1 Extended Lagrangian
We let the Standard Model Lagrangian be extended by dimension-six operators. For the elec-
troweak sphaleron solution, all of the SM fields are vanishing except for the Higgs doublet H, the
SU(2)L isospin gauge field W
a
µ , and the U(1)Y hypercharge gauge field Bµ. Then we only need
to retain the operators that are built from these fields. The relevant terms from the Lagrangian
3
are written as2
L = (DµH)†(DµH)− 1
4
W aµνW
aµν − 1
4
BµνB
µν − µ2H†H − λ(H†H)2 +∑
i
ci
Λ2
Oi (2)
where Λ is the energy scale of new physics that suppresses the dimension-six operators Oi
(see below), and ci is a dimensionless coefficient. The Higgs covariant derivative is written as
DµH =
(
∂µ− ig σa2 W aµ − ig′ 12Bµ
)
H where g is the SU(2)L isospin gauge coupling, g
′ is the U(1)Y
hypercharge gauge coupling, and σa are the Pauli matrices. The isospin field strength tensor
is written as W aµν = ∂µW
a
ν − ∂νW aµ + gabcW bµW cν with 123 = +1, and the hypercharge field
strength tensor is written as Bµν = ∂µBν − ∂νBµ. The Higgs mass parameter is denoted by µ2,
and the Higgs self-coupling is denoted by λ.
A complete list of the dimension-six operators that are built from the SM field content
appears in Ref. [29]3. There are four operators involving the Higgs field,
OH = 1
2
(
∂µ(H†H)
)2
(3a)
OT = 1
2
(
H†
↔
DµH
)2
(3b)
Or = H†H
(
DµH
)†(
DµH
)
(3c)
O6 = −
(
H†H
)3
(3d)
where H†
↔
DµH = H†DµH − (DµH)†H and H†σa ↔DµH = H†σaDµH − (DµH)†σaH. One can
also consider the operator
(
H†σa
↔
DµH
)2
, but this one can be related to O2W below using the
field equations (11), and therefore we do not consider it separately. There are three operators
involving the isospin gauge field alone,
O2W = −1
2
(
(DˆµWµν)
a
)2
(4a)
O3W = 1
3!
g abcW a νµ W
b
νρW
c ρµ (4b)
O3W˜ =
1
3!
g abcW˜ a νµ W
b
νρW
c ρµ (4c)
where Dˆacµ = δ
ac∂µ + g 
abcW bµ is the covariant derivative for a field that transforms in the ad-
joint representation of SU(2) [and singlet representations of U(1)Y and SU(3)c], and specifically
(DˆµWµν)
a = Dˆacµ W
c µν . There is 1 operator involving only the hypercharge gauge field:
O2B = −1
2
(
∂µBµν
)2
. (5a)
2We use ci to denote all of the operator coefficients, whereas Ref. [29] uses ci for some operators and κi for
others.
3In Ref. [29], the operator O6 is normalized as O6 = λ
(
H†H
)3
.
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The remaining operators can be broken into a group of five that vanish if the isospin field is in
vacuum (W aµν = 0)
OW = ig
2
(
H†σa
↔
DµH
)
(DˆνWµν)
a (6a)
OWW = g2H†HW aµνW aµν (6b)
OWW˜ = g2H†HW aµνW˜ aµν (6c)
OHW = ig
(
DµH
)†
σa
(
DνH
)
W aµν (6d)
OHW˜ = ig
(
DµH
)†
σa
(
DνH
)
W˜ aµν , (6e)
a second group of five that vanishes if the hypercharge field is in vacuum (Bµν = 0)
OB = ig
′
2
(
H†
↔
DµH
)
∂νBµν (7a)
OBB = g′2H†H BµνBµν (7b)
OBB˜ = g′2H†H BµνB˜µν (7c)
OHB = ig′
(
DµH
)†(
DνH
)
Bµν (7d)
OHB˜ = ig′
(
DµH
)†(
DνH
)
B˜µν , (7e)
and a group of two that vanishes if either gauge field is in vacuum
OWB = g′g H†σaHW aµνBµν (8a)
OWB˜ = g′g H†σaHW aµνB˜µν . (8b)
The operators involving a field with a tilde are CP odd, and we have defined F˜µν =
1
2
µνρσFρσ
for F = W a, B and with 0123 = +1. In total, we have enumerated 20 operators. A set of four
identities relates some of the operators to one another [29], but we will not make use of these
relations.
2.2 Constraints on Dimension-Six Operators
The dimension-six operators lead to deviations away from the SM predictions for various Higgs
and electroweak processes. These processes have been measured at the LEP and LHC colliders
to be consistent with the SM, and consequently the operator coefficients ci/Λ
2 are constrained
around zero. Here we briefly discuss constraints on a few of the operators, and the reader can
find more details in Refs. [29–31]. We do not impose these experimental bounds when calculating
the sphaleron energy, but rather we present them here to give the reader a feel for the numbers.
The operator OT violates the custodial isospin symmetry [32], and therefore it can lead to
a large deviation in the ρ parameter. The ρ parameter was measured with 0.01% precision
by the LEP collider to be consistent with the SM prediction, and this translates into a strong
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constraint on the operator coefficient: −(0.005/v2) < (cT/Λ2) < (0.001/v2) or equivalently
Λ/
√|cT | & (3.5− 7.8) TeV at 95% C.L.
The operator O6 is a modification to the Higgs potential, which only affects the self-coupling
of the Higgs boson. Since the Higgs self-coupling is still very poorly measured, this operator
coefficient is very weakly constrained. To get a sense of the numbers, we estimate at what
value of (c6/Λ
2) there is an O(1) deviation in the Higgs trilinear self-coupling λhhh away from
its SM prediction, which is still consistent with LHC data. The self-coupling is given by λhhh =
d3V/dφ3|φ=v = 3m2h/v + 6(c6/Λ2)v3. The O6 correction is comparable to the SM prediction
when Λ/
√|c6| ≈ √2v2/mh ' 700 GeV.
Various operators affect the coupling of the Higgs boson to the electroweak gauge bosons
and photon. For instance, OBB˜, OHW , and OHB affect Higgs decay widths, h → γγ and
h→ Zγ. Since these decays are already one-loop suppressed in the SM, the constraints on the
operator coefficients are quite strong. We have −(0.0013/m2W2) < (cBB˜/Λ2) < (0.0018/m2W )
or equivalently Λ/
√|cBB˜| & (1.9 − 2.2) TeV, and also −(0.016/m2W ) < (cHW − cHB)/Λ2 <
(0.009/m2W ) or equivalently Λ/
√|cHW − cHB| & (0.63− 0.85) TeV. When combined with LEP
bounds on electroweak precision observables and Ŝ we also have −(0.046/m2Z) < (cW/Λ2) <
(0.050/m2Z), which is equivalent to Λ/
√
cW & (0.43− 1.3) TeV.
2.3 Higgs Scalar Potential
Among the dimension-six operators, only O6 contributes to the Higgs scalar potential. By
collecting the nonderivative terms in the Lagrangian and parametrizing the Higgs field as H =
(0 , φ/
√
2
)T
, we identify the scalar potential
V (φ) = Ω +
1
2
µ2φ2 +
1
4
λφ4 +
1
8
c6
Λ2
φ6 . (9)
We have also included a cosmological constant energy density Ω. The presence of the φ6 term
allows the electroweak phase transition to be first order [21, 22], since taking µ2 > 0, λ < 0, and
c6 > 0 leads to a potential with a barrier. We identify the Higgs vacuum expectation value v and
Higgs boson mass m2h by the conditions V
′(v) = 0 and V ′′(v) = m2h. We also fix the cosmological
constant by imposing V (v) = 0. These three constraints determine the three parameters
Ω =
1
8
m2hv
2 − 1
8
c6
Λ2
v6 , µ2 = −1
2
m2h +
3
4
c6
Λ2
v4 , and λ =
m2h
2v2
− 3
2
c6
Λ2
v2 . (10)
For c6 = 0 we regain the Standard Model Higgs potential. For c6/Λ
2 > (2/3)m2h/v
4 the Higgs
mass parameter becomes positive (µ2 > 0), and a barrier separates the local minimum at the
origin (φ = 0) from a local minimum at the electroweak vacuum (φ = v). For v ' 246.22 GeV
and mh ' 125.09 GeV the inequality above corresponds to Λ/√c6 < 593 GeV.
2.4 Field Equations and Stress Energy
The dimension-six operators modify the equations of motion for the Higgs and isospin gauge
fields. We derive the equations of motion from the Lagrangian in Eq. (2) by applying the
6
principle of least action (δS = 0). We find the field equations to be
0 = DµD
µH + µ2H + 2λ
(
H†H
)
H +
∑
i
ci
Λ2
KHi (11a)
0 =
(
DµWµν
)a
+
(
ig
1
2
)
H†σa
↔
DνH +
∑
i
ci
Λ2
(
KWi
)a
ν
(11b)
0 = ∂µBµν +
(
ig′
1
2
)
H†
↔
DνH +
∑
i
ci
Λ2
(
KBi
)
ν
(11c)
where the contributions from the dimension-six operators are captured by
KH ≡ ∂µ δO
δ∂µH†
− δO
δH†
(12a)
KW ≡ −∂α∂β δO
δ∂α∂βW aν
+ ∂α
δO
δ∂αW aν
− δO
δW aν
(12b)
KB ≡ −∂α∂β δO
δ∂α∂βBν
+ ∂α
δO
δ∂αBν
− δO
δBν
. (12c)
We calculate these terms for each of the 20 operators and present the results in Table 1. To our
knowledge this is the first time that that a complete list of dimension-six modifications to the
electroweak field equations has been calculated.
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Oi KHi KWi KBi
OH 12
(
∂µ(H
†H)
)2
H∂µ∂
µ
(
H†H
)
0 0
OT 12
(
H†
↔
DµH
)2 −2(DµH)(H† ↔DµH)
−H ∂µ(H†
↔
DµH)
ig(H†σaH)(H†
↔
DνH) ig
′(H†H)(H†
↔
DνH)
Or H†H(DµH)†(DµH)
(H†H)(DµDµH)
+∂µ(H
†H)(DµH)
−H(DµH)†(DµH)
− ig
2
(H†H)(H†σa
↔
DνH) − ig′2 (H†H)(H†
↔
DνH)
O6 −(H†H)3 3(H†H)2H 0 0
O2W −12
(
(DˆµWµν)
a
)2
0
(DˆρDˆνDˆ
µWρµ)
a − (DˆαDˆαDˆµWνµ)a
−gabcW bνρ(DˆµW ρµ)c
0
O3W 13!g abcW a νµ W bνρW c ρµ 0 −gDˆaeµ (ebcW b µαW cαν) 0
O3W˜ 13!g abcW˜ a νµ W bνρW c ρµ 0
−g
6
( αεν ρ)Dˆ
ab
α (
bcdW cεµW
dρµ)
−g
3
Dˆabα (
bcdW cνµW˜
dαµ)
−g
3
Dˆabα (
bcdW˜ cνµW
dαµ)
0
O2B −12
(
∂µBµν
)2
0 0 ∂ν∂
µ∂ρBµρ − ∂µ∂µ∂ρBνρ
OW ig2
(
H†σa
↔
DµH
)
(DˆνWµν)
a
− ig
2
[
(σaDµH)(DˆνWµν)
a
+(DµσaH)(DˆνWµν)
a
+(σaH)∂µ(DˆνWµν)
a
] −g22 (H†H)(DˆµWνµ)a − ig22 abc(H†σb
↔
DµH)W cνµ
− ig
2
Dˆabµ Dˆ
bc
ν (H
†σc
↔
DµH) + ig
2
Dˆacρ Dˆ
cbρ(H†σb
↔
DνH)
−gg′
2
(H†σaH)(DˆµWνµ)a
OWW g2H†HW aµνW aµν −g2HW aµνW aµν −4g2[∂µ(H†H)W aνµ +H†H(DˆµWνµ)a] 0
OWW˜ g2H†HW aµνW˜ aµν −g2HW aµνW˜ aµν −4g2[∂µ(H†H)W˜ aνµ +H†H(DˆµW˜νµ)a] 0
OHW ig (DµH)†σa(DνH)W aµν
ig(DµσaDνH)W aµν
+ig(σaDνH)∂µW aµν
g2
2
[H†σaσb(DµH) + (DµH)†σbσaH]W bνµ
−igDˆabµ
[
(DνH)
†σbDµH − (DµH)†σbDνH
] gg′
2
[H†σaDµH + (DµH)†σaH]W aνµ
OHW˜ ig
(
DµH
)†
σa
(
DνH
)
W˜ aµν ig(D
µσaDνH)W˜ aµν
g2
2
[H†σaσb(DµH) + (DµH)†σbσaH] W˜ bνµ
−ig νµαβDˆabµ
[
(DαH)†σb(DβH)
] gg′
2
[H†σaDµH + (DµH)†σaH] W˜ aνµ
OB ig′2
(
H†
↔
DµH
)
∂νBµν −ig′(DµH)∂νBµν −gg′2 (H†σaH)∂µBνµ
−g′2
2
(H†H)∂µBνµ
− ig′
2
[∂µ∂ν(H
† ↔DµH)− ∂µ∂µ(H†
↔
DνH)]
OBB g′2H†H BµνBµν −g′2H BµνBµν 0 −4g′2[∂µ(H†H)Bνµ + (H†H)∂µBνµ]
OBB˜ g′2H†H BµνB˜µν −g′2H BµνB˜µν 0 −4g′2∂µ(H†H)B˜νµ
OHB ig′(DµH)†(DνH)Bµν ig
′(DµDνH)Bµν
−ig′(DµH)∂νBµν
gg′
2
[H†σaDµH + (DµH)†σaH]Bνµ
g′2
2
[H†DµH + (DµH)†H]Bνµ
+ig′ ∂µ[(DµH)†(DνH)− (DνH)†(DµH)]
OHB˜ ig′(DµH)†(DνH)B˜µν ig′
(
DµDνH
)
B˜µν
gg′
2
[H†σaDµH + (DµH)†σaH]B˜νµ
g′2
2
B˜νµ[H
†DµH + (DµH)†H]
+ig′µνρσ∂µ[(DρH)†(DσH)]
OWB gg′H†σaHW aµνBµν −gg′ σaHW aµνBµν −2gg′[(H†σaH)∂µB µν + Dˆabµ (H†σbH)B µν ] 2gg′ ∂µ[(H†σaH)W aµν ]
OWB˜ gg′H†σaHW aµνB˜µν −gg′ σaHW aµνB˜µν −2gg′[(H†σaH)∂µB˜ µν + Dˆabµ (H†σbH)B˜ µν ] 2gg′ ∂µ[(H†σaH) W˜ aµν ]
Table 1: For each of the 20 dimension-six operators Oi we calculate the modification to the field equations for the Higgs
field KHi , the isospin gauge field K
W
i , and hypercharge gauge field K
B
i .
The dimension-six operators also modify the stress-energy tensor. Let us focus on the stress-
energy that arises from only the Higgs and electroweak gauge fields. The corresponding stress-
energy tensor can be written as
T µν
∣∣
EW
= (DαH)
† (DβH)
[
gµαgνβ + gναgµβ − gαβgµν]
− (BαβBγδ +W aαβW aγδ)[gαµgβδgγν − gαγgβδgµν/4]+∑
i
ci
Λ2
T µνi (13)
where a total divergence has been added to ensure that T µν is symmetrized and gauge invariant.
The contribution from the dimension-six operators is parametrized by
T µνi ≡ −
2√−g
δ
(√−gOi)
δgµν
= −2 δOi
δgµν
−Oi gµν . (14)
We have calculated T µνi for each of the 20 dimension-six operators, and we present our results
in Appendix A.
2.5 Sphaleron Parametrization
The Weinberg-Salam model is regained by taking the Λ→∞ limit of the Lagrangian in Eq. (2).
The corresponding field equations (11) admit a static solution that asymptotes to a vacuum
field configuration at spatial infinity, and which is a saddle point of the energy functional. This
solution was discovered in 1983 [8, 9] (see also [33]) and given the name “sphaleron,” which
is Greek for “ready to fall.” The sphaleron configuration lies at a midpoint along a path in
configuration space that interpolates between topologically distinct vacuum configurations.
The sphaleron is frequently studied in the g′ → 0 limit of the Standard Model Lagrangian.
For g′ = 0 the hypercharge gauge field decouples, see Eq. (11), and the minimum energy solution
has the hypercharge gauge field in vacuum, Bµν = 0. Moreover, the electroweak sector of the
Standard Model enjoys a custodial SU(2) symmetry under which the three weak gauge bosons
transform as a degenerate, massive triplet [32]. Consequently, the sphaleron configuration has
an SO(3)-symmetric energy density and vanishing vector properties (e.g., magnetic moment and
angular momentum), which would select a preferred direction and thereby violate the custodial
symmetry4. For the measured value of the weak mixing angle, sin2 θW = g
′2/(g2 + g′2) ' 0.23,
the sphaleron is anisotropic, because the hypercharge gauge field Bµ selects a preferred direction,
which corresponds to the orientation of the sphaleron’s magnetic moment [8, 9, 34–36].
For simplicity, we take g′ = 0, which lets us consistently set Bµ = 0. This vanishes
some of the dimension-six operators, and we are left with only the 12 operators appearing in
Eqs. (3), (4), and (6). As compared with the Standard Model, taking g′ = 0 introduces an error
in the (zero-temperature) sphaleron energy calculation that is parametrically δEsph,0/Esph,0 ∼
sin2 θW , and that evaluates to ' 1% when all the numerical factors are included [9, 34–36]. It is
4To our knowledge, the connection between the custodial symmetry and the isotropy of the (g′ = 0) sphaleron
has not been recognized previously. Since the Standard Model Yukawa interactions also violate the custodial
symmetry, radiative effects are expected to break the SO(3) symmetry of the sphaleron.
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a natural extension of our work to retain the hypercharge gauge field and calculate the sphaleron
solution at the physical value of the weak mixing angle.
When the hypercharge gauge field is dropped (Bµ = 0), the electroweak sphaleron can be
parametrized in terms of two spherically symmetric profile functions. We work in the temporal
gauge, W a0 = 0, such that only the spatial components of the isospin gauge field are nonzero. In
polar coordinates, we define the spatial radial coordinate r =
√
xixi and the 3-vector ni = x
i/r.
Then the sphaleron Ansatz can be written as (see Appendix B)
H(r) =
v√
2
h(r) inaσ
a
(
0
1
)
(15a)
W ai (r) =
2
g
aijnj
f(r)
r
. (15b)
where h(r) and f(r) are the dimensionless Higgs and isospin gauge field profile functions. We
require the profile functions to satisfy the boundary conditions
h(r = 0) = 0 , f(r = 0) = 0 , h(r →∞) = 1 , and f(r →∞) = 1 . (16)
The first two conditions ensure that H and W ai are regular at the origin. The second two
conditions ensure that H and W ai asymptote to a pure-gauge configuration at spatial infinity.
This can be seen explicitly by writing inaσ
a = U and σaaijnj/r = −i∂iU U−1 where U =
exp[ipinaσ
a/2] is an element of SU(2). Then at spatial infinity H → (v/√2)U (0 , 1)T and
ig(σa/2)W ai → ∂iU U−1.
The sphaleron Ansatz (15) lets us reduce the Higgs and isospin gauge field equations in
Eq. (11) to simple one-dimensional equations of motion for the two profile functions. We find
d
dξ
(
ξ2
dh
dξ
)
= 2(1− f)2h+ µ
2
g2v2
ξ2h+
λ
g2
ξ2h3 + g2v2
∑
i
ci
Λ2
kHi (17a)
ξ2
d2f
dξ2
= 2f(1− f)(1− 2f)− ξ
2
4
(1− f)h2 + g2v2
∑
i
ci
Λ2
kWi (17b)
where ξ = gvr is a dimensionless radial coordinate. In the Standard Model one can write
µ2 = −λv2 and collect the terms arising from the Higgs scalar potential into (λ/g2)ξ2(h2 − 1)h.
However, the H6 operator leads to a different relation among the parameters, which was given
by Eq. (10). The contribution from dimension-six operators is parametrized by kHi and k
W
i ,
which can be derived as
kHi =
(
d
dξ
δ
δ dh/dξ
− δ
δh
)(
ξ2
g4v6
Oi
)
(18a)
kWi =
ξ2
8
(
− d
2
dξ2
δ
δ d2f/dξ2
+
d
dξ
δ
δ df/dξ
− δ
δf
)(
ξ2
g4v6
Oi
)
. (18b)
We have calculated these terms, and our results are summarized in Table 2.
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Let us pause to discuss the operator OT . Among all the operators in Table 2, only OT fails to
respect the SO(3) symmetry, but rather it respects only an SO(2) symmetry. This is because OT
violates the custodial SU(2) isospin symmetry [32]. Our SO(3)-symmetric Ansatz (15) will not
give the correct sphaleron solution when OT is included. Instead we should work with an axially
symmetric Ansatz, such as the one used to study the sphaleron solution at nonzero weak mixing
angle [8, 9, 34–36]. This analysis is beyond the scope of our work. Moreover, the operator OT
is tightly constrained by electroweak precision tests, as we have already discussed in Sec. 2.2,
and therefore we will not consider OT in our analysis any further.
Let us also discuss the operator O2W . Since this operator involves the second derivative of
the isospin gauge field, its contribution to the equation of motion involves the fourth derivative
of the profile function f . This is an impediment toward obtaining the sphaleron solution, since
we must now specify four boundary conditions (rather than simply two). However, we can make
use of the SM equation of motion to write d4f/dξ4 in terms of lower-order derivatives of f and h.
Since kWi in Eq. (17) appears suppressed by the scale of new physics (ci/Λ
2), the error that we
introduce by using the SM equations of motion is higher order in the EFT expansion parameter,
namely O(c2i /Λ
4), and since we are only working to O(ci/Λ
2) the two approaches are equivalent.
In fact, even without applying the sphaleron Ansatz, we can see directly from the field equations
(11) that O2W is equivalent to OW at O(ci/Λ2) when we also vanish the hypercharge gauge
field and the fermions. Consequently, the sphaleron energy for O2W can be obtained by simply
scaling the result for OW .
The energy of the sphaleron configuration is calculated by inserting the sphaleron parametriza-
tion (15) into the stress-energy tensor (13) and performing the volume integral: Esph,0 =∫
d3xT 00. The sphaleron energy may be written as
Esph,0 =
4piv
g
∫ ∞
0
dξ
[
4
(
df
dξ
)2
+
8
ξ2
f 2
(
1− f)2 + ξ2
2
(
dh
dξ
)2
+
(
1− f)2h2
+
1
g2
ξ2
(
Ω
v4
+
1
2
µ2
v2
h2 +
1
4
λh4
)
+ g2v2ξ2
∑
i
ci
Λ2
Ei
]
(19)
where 4piv/g has the units of energy, and the integral is dimensionless. In the Standard Model,
the terms arising from the Higgs scalar potential can be written as Ω/v4 + µ2h2/2v2 + λh4/4 =
(λ/4)(h2 − 1)2, which is seen by taking the Λ → ∞ limit of Eq. (10). The contributions from
the dimension-six operators Oi are parametrized by the dimensionless energy Ei = T 00i /(g2v6) =
−Oi/(g4v6). We have calculated these energies, and the results appear in Table 2.
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Oi kHi kWi Ei
OH 12
(
∂µ(H
†H)
)2 − 1
g2
ξh(ξhh′′ + ξh′2 + 2hh′) 0 1
2g2
h2h′2
OT 12
(
H†
↔
DµH
)2 − 2
g2
1
ξ2
x2+y2
1/(g2v2)
(1− f)2h3 1
8g2
x2+y2
1/(g2v2)
(1− f)h4 − 1
2g2
1
ξ4
x2+y2
1/(g2v2)
(1− f)2h4
Or H†H
(
DµH
)†(
DµH
) − 1
2g2
h[−4(1 − f)2h2 + 2ξhh′ +
ξ2h′2 + ξ2hh′′]
− 1
8g2
ξ2(1− f)h4 1
4g2
1
ξ2
h2[2(1− f)2h2 + ξ2h′2]
O6 −
(
H†H
)3 3
4g4
ξ2h5 0 1
8g4
h6
O2W −12
(
(DˆµWµν)
a
)2
0 − 1
ξ2
[−8f(1− f)(1− 2f)(1 + 3f −
3f 2)+4ξ(1−6f+6f 2)(2f ′−ξf ′′)+
12ξ2(1− 2f)f ′2 + ξ4f ′′′′]
− 4
ξ6
[−2f(1− f)(1− 2f) + ξ2f ′′]2
O3W 13!g abcW a νµ W bνρW c ρµ 0 −2ξ
[
4f(1 − f)f ′ − ξ(1 − 2f)f ′2 −
2ξf(1− f)f ′′] −16ξ4 f(1− f)f ′2
O3W˜ 13!g abcW˜ a νµ W bνρW c ρµ 0 0 0
OW ig2
(
H†σa
↔
DµH
)
(DˆνWµν)
a − 4
ξ2
(1−f)h[−2f(1−f)(1−2f)+
ξ2f ′′]
1
2
[(1 − f)(1 − 7f + 8f 2)h2 +
2ξ2hf ′h′−ξ2(1−f)h′2 +ξ2h2f ′′−
ξ2(1− f)hh′′]
− 2
ξ4
(1−f)h2[−2f(1−f)(1−2f)+
ξ2f ′′]
OWW g2H†HW aµνW aµν −16ξ2h[2f 2(1− f)2 + ξ2f ′2] 2h[−2f(1−f)(1−2f)h+2ξ2f ′h′+
ξ2hf ′′]
− 8
ξ4
h2[2f 2(1− f)2 + ξ2f ′2]
OWW˜ g2H†HW aµνW˜ aµν 0 0 0
OHW ig
(
DµH
)†
σa
(
DνH
)
W aµν
4
ξ2
h[2f(1−f)3+ξ2f ′2−ξ2(1−f)f ′′] −1
2
(1 − f)[−(1 − f)(1 − 4f)h2 +
ξ2h′2 + ξ2hh′′]
4
ξ4
(1− f)h[f(1− f)2h+ ξ2f ′h′]
OHW˜ ig
(
DµH
)†
σa
(
DνH
)
W˜ aµν 0 0 0
Table 2: Corrections to the sphaleron equations of motion (17) that are induced by the presence of each dimension-six
operator Oi. In the last column, we calculate the correction to the sphaleron energy (19).
3 Numerical Sphaleron Solution
The sphaleron equations of motion (17) and the boundary conditions in Eq. (16) define a bound-
ary value problem. We solve the system of equations numerically using the Newton-Kantorovich
(NK) method. A description of the NK method can be found in Appendix C.
Our main result appears in Fig. 1. For a given operator Oi and operator coefficient ci/Λ2
we calculate the sphaleron energy Esph,0, which is shown on the left axis of the plot in the
left panel. The energy is measured in units of 4piv/g, and using the the measured values,
GF = 1/(
√
2v2) ' 1.16637 × 10−5 GeV−2 and mW = gv/2 ' 80.385 GeV, we have 4piv/g =√
2pi/(GFmW ) ' 4.738 TeV. Each curve corresponds to a different operator as indicated by
the corresponding label. We only “turn on” one operator at a time, i.e. we hold all the other
operator coefficients fixed to zero. For the solid (dashed) curves we take the operator coefficients
ci/Λ
2 to be positive (negative). The right axis shows the bound in Eq. (20), discussed below.
The (zero-temperature) sphaleron energy changes as the scale of new physics is varied. We
regain the SM result, ESMsph,0 ' 1.916×4piv/g ' 9.079 TeV, in the limit Λ→∞. As Λ is lowered,
the sphaleron energy begins to deviate from the SM prediction, and the energy can either increase
or decrease depending on the operator and the sign of its coefficient. As we see in the right
panel of Fig. 1, the deviation away from the SM prediction scales like 1/Λ2. This follows from
Eq. (19) where we can write ∆Esph,0 = (4piv/g)
∑
i(ci/Λ
2)
∫∞
0
dξ(g2v2ξ2)Ei[h, f ]. Although the
integral depends on Λ implicitly through the profile functions, the dominant Λ dependence enters
through the prefactor. As Λ → ∞ the profile functions approach their SM solutions, h → hSM
and f → fSM, and the deviation in the energy approaches ∆Esph,0 → (4piv/g)
∑
i(ci/Λ
2) g2v2 ei
where ei ≡
∫∞
0
dξ ξ2Ei[hSM(ξ), fSM(ξ)]. For each of the operators we find eH = 0.240, er = 0.468,
e3W = −0.223, eW = 0.149, eWW = −1.150, and eHW = 0.436. For O6 we define instead
e6 ≡
∫∞
0
dξ ξ2
(
∆V
)
/
(
g4v6 c6/Λ
2
)
=
∫∞
0
dξ ξ2(1/8g4)(h2SM − 1)3 ' 0.507 where V (φ) is the Higgs
potential from Eq. (9) and ∆V = V (φ = hv)− V (φ = hv)∣∣
c6/Λ2=0
.
As the cutoff (Λ/
√|ci|) is lowered, eventually the numerical (NK) method fails to obtain a
solution, and this determines where we truncate the curves in Fig. 1.
As we discussed in the introduction, the electroweak sphaleron leads to the washout of
baryon number if it is in thermal equilibrium at the electroweak phase transition. To avoid
this washout, the sphaleron energy must be sufficiently large compared to the temperature so
that the sphaleron-mediated baryon-number-violating reactions are Boltzmann suppressed and
thus out of equilibrium. The derivation of the washout avoidance condition appears in various
references, and we review this calculation in Appendix D. The result is shown to be
v(T )
T
> (0.973− 1.16)
(
Esph,0
1.916× 4piv/g
)−1
(20)
where Esph,0 is the zero-temperature sphaleron energy and v(T ) is the thermal expectation value
of the Higgs field at temperature T in the Higgs phase (broken electroweak symmetry). This
condition must hold both during the electroweak phase transition and at all times afterward.
The range of values, 0.973 − 1.16, reflects an O(20%) uncertainty in the calculation of the
spectrum of perturbations around the sphaleron configuration (fluctuation determinant).
13
��� ��� ��� ���� ���� ����
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���������� ������ Λ / �� [ ��� ]
��
���
���
��
���
���
� ��
�/(�
π�/�)
��
���
���
���
���
��
��
���
��
/�
OH (cH>0)
OH (cH<0)
Or (cr>0)
Or (cr<0)
O6 (c6>0)
O6 (c6<0)
O3W (c3W>0)
O3W (c3W<0)
OW (cW >0)
OW (cW <0)
OWW (cWW>0)
OWW (cWW<0)
OHW (cHW>0)
OHW (cHW<0)
��� ��� ��� ���� ���� ����
���
��-�
��-�
��-�
��-�
����������� ������ Λ / �� [ ��� ]
���
���
���
����
��
���
��
�|� ��
���
-� ��
�����
|/� �
���
�
��
OH (cH>0)
OH (cH<0)
Or (cr>0)
Or (cr<0)
O6 (c6>0)
O6 (c6<0)
O3 W (c3 W>0)
O3 W (c3 W<0)
OW (cW>0)
OW (cW<0)
OWW (cWW>0)
OWW (cWW<0)
OHW (cHW>0)
OHW (cHW<0)
Figure 1: Energy of the electroweak sphaleron in the units of 4piv/g ' 4.7 TeV as a function
of the suppression scale of the dimension-six operator. Different colors of curves correspond to
different operators as shown in the legend. Solid (dashed) curves indicate that the operator
coefficient is positive (negative).
On the right axis of the left panel of Fig. 1 we show the lower bound on the electroweak order
parameter v(T )/T from Eq. (20). We take the coefficient to be 1.07, which is the arithmetic
mean of 0.973 and 1.16. The washout avoidance condition can vary by as much as a few percent
due to the presence of dimension-six operators while keeping Λ/
√|ci| & 1 TeV large enough to
be consistent with collider observations.
In Fig. 2 we show how the size of the electroweak sphaleron changes with the presence
of dimension-six operators. To define the sphaleron size, we calculate the energy density as
ρsph,0(ξ) = (gv)
3(4piξ2)−1dEsph,0/dξ with Esph,0 given by Eq. (19). Then we define a fiducial
sphaleron radius ξsph as the width at half-maximum, ρsph,0(ξsph) = (1/2)ρsph,0(0).
4 Conclusion
We have allowed the Standard Model to be extended with a set of 20 dimension-six operators
that are constructed from the Higgs field, isospin gauge field, and hypercharge gauge field.
We have calculated analytically the effect of these operators on the field equations (Table 1),
and to our knowledge such a calculation has not appeared before in the literature. We have
calculated analytically the sphaleron equations of motion (Table 2) with the assumption that
the hypercharge gauge field is set to zero. Using numerical methods, we solve the equations of
motion and calculate the sphaleron energy.
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Figure 2: The dimensionless sphaleron radius as a function of the suppression scale of dimension-
six operators.
Our main result appears in Fig. 1 where we show how the sphaleron energy depends on the
energy scale of new physics for each of the dimension-six operators. The sphaleron energy can
be increased or decreased by as much as O(few %) as the scale of new physics is reduced to the
experimental limit, roughly Λ & TeV. The lower bound on the electroweak order parameter
v(T )/T for the avoidance of baryon number washout (20) experiences a comparable shift. In
theories for which v(T )/T depends sensitively on the model parameters, a few percent shift
in the washout avoidance condition can kill or revive electroweak baryogenesis in a significant
region of the parameter space. However, the few percent model dependence that we identify
here is still subsumed by the larger O(20%) uncertainty in the washout avoidance condition that
arises from imprecise calculation of the fluctuation determinant (see Appendix D).
There are a few places where we have made assumptions for the sake of simplicity that could
be relaxed or generalized for future studies. As we discussed in Sec. 2.5 we have neglected
the hypercharge gauge field Bµ when constructing the sphaleron Ansatz. In the unphysical
parameter regime sin2 θW  1, this assumption furnishes a reliable approximation to the exact
sphaleron solution, but for the measured value sin2 θW ' 0.23 the approximation begins to break
down. While this only introduces an O(1%) error in the Standard Model, which is negligible
compared to the O(20%) uncertainty in the washout condition (20) for instance, the error may
be larger when the dimension-six operators are added. It is straightforward to check this using
the more general parametrizations available in Refs. [35, 36] with the equations of motion that
we have already calculated in Table 1.
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In deriving the washout avoidance condition (20) we assumed that the sphaleron energy
at finite temperature scales linearly with the Higgs thermal expectation value (45). This is a
very reliable approximation in the Standard Model, but it may break down when dimension-
six operators are added since they introduce a new energy scale. Although we expect this
effect to be a negligible O(m2W/Λ
2) correction on top of what we have already calculated, it
would nonetheless be interesting to test the reliability of the scaling relation by calculating the
thermal sphaleron energy directly as in Refs. [37–39]. The thermal calculation introduces various
subtleties associated with the presence of a plasma such as Lorentz violation by the plasma?s
rest frame, thermal (Debye) mass corrections to the gauge fields, and gauge dependence that
are beyond the scope of our work.
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A Energy-Momentum Tensor of Dimension-Six Opera-
tors
Using Eq. (14), we have calculated the energy momentum tensor that arises from each of the 20
dimension-six operators. In the derivation, we have used
δgαβ
δgµν
=
1
2
(
δαµδ
β
ν + δ
β
µδ
α
ν
)
and
δgαβ
δgµν
= −1
2
(
gαµgβν + gβµgαν
)
(21)
In this appendix we summarize our results.
We find
T µνH = (−gµνgαβ + 2gµαgνβ)
(1
2
∂α(H
†H)∂β(H†H)
)
(22a)
T µνT = (−gµνgαβ + 2gµαgνβ)
(1
2
(H†
↔
DαH)(H
† ↔DβH)
)
(22b)
T µνr = (−gµνgαβ + gµαgνβ + gναgµβ)
(
H†H(DαH)†(DβH)
)
(22c)
T µν6 = g
µν(H†H)3 (22d)
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T µν2W = (−gµνgαβgερgγδ + 2gµαgνβgερgγδ + 2gναgµβgερgγδ + 2gαβgερgµγgνδ) (22e)
×
(−1
2
DˆαW
a
βγDˆεW
a
ρδ
)
T µν3W = (−gµνgαβgερgγδ + 6gµαgνβgερgγδ)
( 1
3!
gabcW aαδW
b
γρW
c
εβ
)
(22f)
T µν
3W˜
= (−gµνgαβgερgγδ + 2gµαgνβgερgγδ + 2gναgµβgερgγδ + 2gαβgγδgµρgνε) (22g)
×
( 1
3!
gabcW˜ aαδW
b
γρW
c
εβ
)
T µν2B = (−gµνgαβgγδgερ + 2gµαgνβgγδgερ + 2gναgµβgγδgερ + 2gαβgερgµγgνδ) (22h)
×
(−1
2
∂αBβγ∂εBρδ
)
T µνW = (−gµνgαγgβδ + gµαgνγgβδ + gναgµγgβδ + gαγgµβgνδ + gαγgνβgµδ) (22i)
×
(ig
2
(H†σa
↔
DαH)(DˆβW
a
γδ)
)
T µνWW = (−gµνgαγgβδ + 4gµαgνγgβδ)
(
g2(H†H)W aαβW aγδ
)
(22j)
T µν
WW˜
= (−gµνgαγgβδ + 2gµαgνγgβδ + 2gναgµγgβδ)
(
g2(H†H)W aαβW˜ aγδ
)
(22k)
T µνHW = (−gµνgαγgβδ + gµαgνγgβδ + gναgµγgβδ + gαγgµβgνδ + gαγgνβgµδ) (22l)
×
(
ig(DαH)
†σa(DβH)W aγδ
)
T µν
HW˜
= (−gµνgαγgβδ + gµαgνγgβδ + gναgµγgβδ + gαγgµβgνδ + gαγgνβgµδ) (22m)
×
(
ig(DαH)
†σa(DβH)W˜aγδ
)
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T µνB = (−gµνgαγgβδ + gµαgνγgβδ + gναgµγgβδ + gαγgµβgνδ + gαγgνβgµδ) (22n)
×
(ig′
2
(H†
↔
DαH)(∂βBγδ)
)
T µνBB = (−gµνgαγgβδ + 4gµαgνγgβδ)
(
g′2H†HBαβBγδ
)
(22o)
T µν
BB˜
= (−gµνgαγgβδ + 2gµαgνγgβδ + 2gναgµγgβδ)
(
g′2H†HBαβB˜γδ
)
(22p)
T µνHB = (−gµνgαγgβδ + gµαgνγgβδ + gναgµγgβδ + gαγgµβgνδ + gαγgνβgµδ) (22q)
×
(
ig′(DαH)†(DβH)Bγδ
)
T µν
HB˜
= (−gµνgαγgβδ + gµαgνγgβδ + gναgµγgβδ + gαγgµβgνδ + gαγgνβgµδ) (22r)
×
(
ig′(DαH)†(DβH)B˜γδ
)
T µνWB = (−gµνgαγgβδ + 2gµαgνγgβδ + 2gναgµγgβδ)
(
g′g(H†σaH)W aαβBγδ
)
(22s)
T µν
WB˜
= (−gµνgαγgβδ + 2gµαgνγgβδ + 2gναgµγgβδ)
(
g′g(H†σaH)W aαβB˜γδ
)
(22t)
B Sphaleron Ansatz
Here we present a more general sphaleron Ansatz and demonstrate how it reduces to Eq. (15).
As in the main text, we focus here on the case g′ = 0 and we work in the temporal gauge
W a0 = 0. Then the Higgs and isospin gauge fields can be parametrized by five profile functions
[40]5 (see also [20])
H(r) =
v√
2
(
1F (r) + inaσ
aG(r)
) (0
1
)
(23a)
W ai (r) =
1
g
(
aijnj
1− A(r)
r
+
(
δai − nani
)B(r)
r
+ nani
C(r)
r
)
. (23b)
5We follow the notation of Ref. [20], which differs slightly from Ref. [40]. The correspondence between the
profile functions is F = H, G = K, A = fA, B = fB , and C = r
3C.
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An SU(2)L gauge transformation sets C(r) = 0 everywhere. The remaining four profile functions
are written as
F = S cosφ , G = S sinφ , A = R cos θ , and B = R sin θ , (24)
and we have
H(r) =
v√
2
S(r) exp [inaσ
aφ(r)]
(
0
1
)
(25a)
W ai (r) =
1
g
(
aijnj
1−R(r) cos θ(r)
r
+
(
δai − nani
)R(r) sin θ(r)
r
)
. (25b)
The equations of motion for φ(r) and θ(r) impose φ′ = θ′ = 0 and sin
(
2φ − θ) = 0, which are
satisfied by taking 2φ = θ = pi. (We have verified that this is the case in both the SM and in the
presence of the dimension-six operators.) Finally we write S(r) = h(r) and R(r) = 2f(r) − 1,
and thus the Ansatz in Eq. (15) is obtained.
The sphaleron is often parametrized by different Ansa¨tze. These include the Klinkhamer
and Manton parametrization (1984) [9]
H =
v√
2
h(ξ)U∞
(
0
1
)
(26a)
σa
2
W ai =
i
g
(−f(ξ))∂iU∞ (U∞)−1 , (26b)
and the Klinkhamer and Lateveer parametrization (1990) [34]
H =
v√
2
h(ξ)
(
0
1
)
(27a)
σa
2
W ai =
i
g
(
1− f(ξ))(U∞)−1 ∂iU∞ (27b)
where in both cases
U∞ ≡ 1
r
(
z x+ iy
−x+ iy z
)
(28)
is an element of the group SU(2). These various parametrizations lead to identical relations for
gauge-invariant quantities.
C Newton-Kantorovich Method
The Newton-Kantorovich method is an efficient numerical method to solve nonlinear bound-
ary value problems. It is named after Isaac Newton and V. Kantorovich for Newton’s method
which can find the zeros of a real-valued function and Kantorovich’s proof of the convergence
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of Newton’s method in functional space, which is known as the Newton-Kantorovich theorem
[41]. From the 1950s to 1960s, Fox, Bellman, and Kalaba [42, 43] pointed out that quasilin-
earization can be applied to solve two-point boundary value problems of second-order nonlinear
equations numerically. The combination of the finite difference method and quasilinearization
was proposed by Lee to deal with the axial diffusion in a tubular chemical reactor [44, 45]. The
convergence, robustness, and approximate iteration steps of the NK method are discussed in
Lee’s article [45]. To give a brief introduction of the NK method, we will discuss its application
of Standard Model sphaleron and calculate its energy in this section.
Here we discuss how Eqs. (17) and (16) can be solved numerically using the NK method.
The first step is to quasilinearize the equation of motion (17) by substituting h → h + δh
and f → f + δf . After quasilinearization, Eq. (17) becomes
ξ2
d2δh
dξ2
+ 2ξ
dδh
dξ
−
[
µ2
g2v2
ξ2 +
3λξ2
g2
h2 + 2(1− f)2
]
δh+ 4h(1− f)δf
= −
[
ξ2
d2h
dξ2
+ 2ξ
dh
dξ
−
(
µ2
g2v2
ξ2h+
λ
g2
ξ2h3
)
− 2(1− f)2h
]
+O(δh2, δh δf, δf 2) (29a)
ξ2
2
h(1− f)δh+ ξ2d
2δf
dξ2
+
(
−12f 2 + 12f − 2− ξ
2
4
h2
)
δf
= −
[
ξ2
d2f
dξ2
− 2f(1− f)(1− 2f) + ξ
2
4
h2(1− f)
]
+O(δh2, δh δf, δf 2) (29b)
where the terms that are quadratic and higher order in the perturbations, δh and δf , have been
dropped. The right-hand sides of Eqs. (29a) and (29b) are the zeroth-order equations of motion.
After the quasilinearization the boundary conditions (16) become
δh(ξ = 0) = −h(ξ = 0) = 0 , δh(ξ →∞) = 1− h(ξ →∞) = 0 ,
δf(ξ = 0) = −f(ξ = 0) = 0 , δf(ξ →∞) = 1− f(ξ →∞) = 0 . (30)
The second step is to discretize the linearized equations of motion. We restrict the spatial
coordinate to ξ ∈ [0, L] and divide this range into N sections uniformly. Then we can write
∆ξ = L/N and ξi = i∆ξ for i ∈ {0, 1, · · · , N}. The profile functions and their derivatives are
given by
h(ξ = ξi) = hi, f(ξ = ξi) = fi,
dh
dξ
(ξ = ξi) =
hi+1 − hi
∆ξ
,
d2h
dξ2
(ξ = ξi) =
hi+1 − 2hi + hi−1
∆ξ2
,
df
dξ
(ξ = ξi) =
fi+1 − fi
∆ξ
,
d2f
dξ2
(ξ = ξi) =
fi+1 − 2fi + fi−1
∆ξ2
,
(31)
and we have similar relations for the perturbations, δh and δf . The quasilinearized boundary
conditions (30) are also discretized, which determines
h0 = f0 = 1− hN = 1− fN = δh0 = δf0 = δhN = δfN = 0 . (32)
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Figure 3: The left panel is the energy density of the Standard Model sphaleron with unit GeV4,
which means the Standard Model sphaleron energy per volume. The right panel is the radial
energy density of the Standard Model sphaleron with unit GeV2, which means the Standard
Model sphaleron energy per radial distance.
Then it is convenient to define the (2N + 2)-dimensional array Y = [h0, h1, ..., hN , f0, f1, ..., fN ].
With this notation, the discretized and linearized equations of motion are written concisely as
Q(j)δY (j) = q(j) (33)
where the (2N + 2)× (2N + 2)-dimensional array Q(j) and the (2N + 1)-dimensional array q(j)
can be determined from evaluating Eq. (29) with Eq. (31). Both arrays Q(j) and q(j) depend on
Y (j). Since we will be solving this equation iteratively, we have added the index j to denote the
number of the iteration.
As the third step, we specify a trial function to use on the zeroth iteration and solve Eq. (33)
iteratively. We choose h
(0)
i = tanh(Aξi) and fi = tanh(Bξi), which together form Y
(0). To
find the numerical solution using NK method, we need to choose different sets of A and B for
different operators and different suppression scales. For a Standard Model sphaleron, A = 10
and B = 3. What should be noted is that because of the robustness of the NK method, when
A and B are chosen properly and a physical numerical solution is found, different A and B will
lead to the same result. Then Q(j) and q(j) are calculated from Y (j), and Eq. (33) is solved for
δY (j). For the next iteration we take Y (j+1) = Y (j) + δY (j). The convergence criterion is defined
by |δY (j∗)| < ε = 10−9 and the final solution is given by Y ∗ = Y (j∗+1) which can be divided into
h∗ and f ∗. Once the NK method has converged, we evaluate the equations of motion using the
final Y (j) to check that the error is less than 10−8.
Finally, the energy can be calculated using a discretized form of Eq. (19). However, different
discretization plans of dh
∗
dξ
and df
∗
dξ
when calculating sphaleron energy will lead to different
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numerical consequences, which cause algorithm uncertainty. There are mainly three plans.
Plan I :
dh∗
dξ
(ξ = ξi) =
h∗i+1 − h∗i
∆ξ
,
df ∗
dξ
(ξ = ξi) =
f ∗i+1 − f ∗i
∆ξ
P lan II :
dh∗
dξ
(ξ = ξi) =
h∗i − h∗i−1
∆ξ
,
df ∗
dξ
(ξ = ξi) =
f ∗i − f ∗i−1
∆ξ
P lan III :
dh∗
dξ
(ξ = ξi) =
h∗i+1 − h∗i−1
2∆ξ
,
df ∗
dξ
(ξ = ξi) =
f ∗i+1 − f ∗i−1
2∆ξ
(34)
Plan III is more symmetric and the sphaleron energy calculated using plan III lays approx-
imately in the middle of the energy calculated using plan I and plan II. From the left panel of
Fig. 3 we know that using plan III we can get energy density which has a peak in the origin.
We also know that using plan I we will get SM sphaleron energy a bit larger and using plan II
we will get SM sphaleron energy a bit smaller so energy calculated using plan I can serve as the
upper bound of SM sphaleron energy, while energy calculated using plan II can serve as the lower
bound of SM sphaleron energy. In the right panel of Fig. 3, curves related to these three plans
nearly overlap with one another, which means when calculating total Standard Model sphaleron
energy using formula ESMsph,0 =
∫∞
0
dr4pir2ρSMsph,0, there will be very small numerical difference.
When N = 10000 and L = 30, we have that EI,SMsph,0 = 1.9161(4piv/g) and we also have that
1.9156(4piv/g) ≈ EI,SMsph,0 ≤ ESMsph,0 ≤ EII,SMsph,0 ≈ 1.9165(4piv/g). So we can claim that ESMsph,0 =
1.9161(4piv/g), which has algorithm uncertainty around ∆E ≈ 0.0005(4piv/g).
D Washout Avoidance Condition
The sphaleron configuration is a saddle point of the energy functional with one tachyonic fluc-
tuation mode. Let ω− denote the natural frequency of the tachyonic mode. In general, when
a system in equilibrium at temperature T is prepared at the saddle point, it will decay on a
time scale τ given by τ−1 = Γ = (ω− ImF )/(piT ) where F is the free energy of the system
evaluated at the the saddle point configuration. When this formula is applied to the sphaleron,
the sphaleron fluctuation rate per unit volume is found to be [46]
Γsph
V
≈ ω−
2pi
NtrNrotVrot
(
αWT
4pi
)3
α−63 κ exp [−Esph(T )/T ] . (35)
In the spectrum of fluctuations around the sphaleron configuration there are six zero modes,
three associated with spatial translations, and three with spatial rotations. The factors Ntr and
Nrot are normalization integrals, which can be evaluated numerically once the sphaleron profile
functions are supplied. In the Standard Model with λ/g2 = 0.3 they evaluate to Ntr ' 7.6 and
Nrot ' 11.2. The factor Vrot = 8pi2 is the volume of the rotation group. The negative-mode
frequency is evaluated numerically to be ω2− ' 0.65g2v(T )2 for λ/g2 = 0.3 [46]. The rate picks
up a factor of 1/g3 for each of the six zero modes where g3 is the weak gauge coupling in the
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three-dimensional high-temperature effective theory, and we have the relations α3 = g
2
3/4pi and
α3 = αWT/gv(T ). Using the relations above, the sphaleron decay rate can also be written as
Γsph
V
≈
[
2NtrNrotVrot ω−
gv(T )
]
T 4
(αW
4pi
)4(4pi v(T )
gT
)7
κ exp [−Esph(T )/T ] , (36)
and the quantity in square brackets evaluates to ' 1.1× 104 for λ/g2 = 0.3.
The last factor in Γsph is the fluctuation determinant κ, which is defined by
κ = Im
[
det
(
δ2Sgf/δφ
2
)∣∣
φ=φvac
∆FP
∣∣
φ=φsp
det′
(
δ2Sgf/δφ2
)∣∣
φ=φsp
∆FP
∣∣
φ=φvac
]1/2
(37)
where φ generically represents the gauge and Higgs fields, Sgf is the gauge-fixed three-dimensional
Euclidean action, ∆FP is the associated Faddeev-Popov determinant, and the prime indicates
that zero modes are removed from the determinant. The calculation of κ is the most difficult
of all the terms in Γsph. According to Ref. [46], it is κ ' e−2.2 ' 10−0.96 ' 0.11 for λ/g2 = 0.3.
However the authors of Ref. [47] (see also Ref. [14]) caution that the calculation of κ requires
temperature-dependent derivative terms to be included in the effective action. They argue that
the Higgs propagator must be calculated in the background of the sphaleron configuration, and
that doing so can lower the sphaleron energy by as much as 20%. Absorbing this uncertainty
into κ implies a suppression of e−0.2Esph/T ∼ (1− 3)× 10−4 for Esph ≈ 40− 45. In light of these
arguments, Dine et. al. [47] consider a range of κ given by 10−4 < κ < 10−1. This range may be
overly generous, and for very strongly first-order transitions (v(T )/T > few) the leading-order
calculation becomes more reliable. It should be possible to extract κ from more recent lattice
simulations of sphalerons at the Standard Model EW crossover. The numerical lattice results
are well fit by [48]
Γ
V
' T 4 exp
[
−(147.7± 1.9)+ (0.83± 0.01)T/GeV] , (38)
and the SM crossover occurs at T ' 160 GeV. Then the uncertainty in Γ is roughly
δ
Γ
T 4V
∼ exp
[
2× (1.9 + 0.01× 160)] ' 103 , (39)
which is comparable to the uncertainty in κ that we have given above. Suffice it to say that
the calculation of the fluctuation determinant κ is still uncertain, and we will follow Ref. [47]
by using a wide range 10−4 < κ < 10−1 to parametrize our ignorance.
In order for electroweak baryogenesis to be successful, the EW sphaleron transitions must
be out of equilibrium in the broken phase (inside bubbles). Otherwise, the baryon asymmetry
is washed out by a factor of
fw.o. = exp [−cBXw.o.] (40)
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where cB ≈ (13/2)Nf = 19.5 is an O(1) number that counts the number of number of baryonic
degrees of freedom [49], and
Xw.o. ≡
∫ ∞
tc
dt′ Γsph (41)
where tc is the time at which the phase transition occurred. By changing the variable of inte-
gration, we can write
fw.o. = exp
[
−
∫ ∞
ac
da′
a′
Γsph
H
]
= exp
[
−
∫ Tc
0
dT ′
T ′
Γsph
H
]
. (42)
At the time of the phase transition, the Universe is radiation dominated and the Hubble rate
is given by 3H2M2pl = (pi
2/30)g∗T 4 where g∗ ' 106.75 is the number of relativistic degrees of
freedom at weak-scale temperatures and Mpl ' 2.43 × 1018 GeV is the reduced Planck mass.
To ensure that the baryon-preservation condition is satisfied, we impose (Γsph/V ) < αHT
3 with
α ∼ 0.1, which models the effect of the integrals above. This condition resolves to
Esph(T )
T
> ln
[
2NtrNrotVrot ω−
gv(T )
]
+ 4 ln
(αW
4pi
)
+ 7 ln
(
4piv(T )
gT
)
+ lnκ
− lnα− 1
2
ln
(
pi2
90
g∗
)
− ln T
Mpl
. (43)
Using the numerical values in the text above, this evaluates to
Esph(T )
T
> (35.9− 42.8) + 7 ln v(T )
T
− ln T
100 GeV
(44)
where the range corresponds to κ = (10−4 − 10−1).
Now we make an important assumption. In the Standard Model, the thermal energy Esph(T )
obeys an approximate scaling relation [37, 38]
Esph(T ) ≈ Esph,0v(T )
v
. (45)
This relation may break down when the SM is extended by a dimension-six operator, which
brings in a new energy scale. Nevertheless, we expect the scaling relation to be reliable up to
corrections of order O(mW (T )
2/Λ2). For instance, the authors of Ref. [50] identified a 5% devi-
ation from the scaling relation at a benchmark parameter point in the scalar singlet extension of
the Standard Model. Therefore we will use Eq. (45) for the present analysis. A natural extension
of our work is to calculate Esph(T ) directly and impose the washout avoidance condition using
Eq. (44).
With these assumptions, the washout avoidance condition is expressed as
v(T )
T
>
(
(0.973− 1.16) + 0.190 ln v(T )
T
− 0.0271 ln T
100 GeV
)(
Esph,0
1.91× 4piv/g
)−1
, (46)
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which leads to Eq. (20); see also Ref. [17]. The 20% uncertainty in the value of the lower bound
arises from the generous range that we have taken for the fluctuation determinant, 10−4 <
κ < 10−1. The central value of the lower bound is logarithmically sensitive to various other
model-dependent factors, namely the phase transition temperature T , the factor α, and the
normalization integrals Ntr and Nrot.
Let us close by remarking upon a subtlety associated with gauge dependence; see Ref. [14]
for additional details. The washout avoidance condition, Γsph  H, is expressed in terms of
manifestly physical rates, but the calculation of Γsph may introduce spurious and unphysical
dependence on the gauge-fixing condition. The conventional scheme for calculating v(T ) con-
sists of calculating the thermal effective potential perturbatively and defining v(T ) to be the
field value that minimizes the potential at temperature T . If v(T ) is evaluated by numerically
minimizing the potential, which is the conventional technique, then v(T ) so defined does not
adhere strictly to the perturbative expansion. As a result v(T ) depends upon the gauge-fixing
scheme that is used for the electroweak gauge fields; e.g., in the renormalizable Rξ class of
gauges, v(T ) depends explicitly upon ξ. Then Esph(T ) inherits this spurious gauge dependence
when it is estimated using Eq. (45), and so too does the washout avoidance condition expressed
as in Eq. (46). This issue is beyond the scope of our work, since we are primarily concerned here
with calculating the gauge-invariant sphaleron energy Esph,0, but the issue of gauge dependence
should be addressed upon extending our work to finite temperature.
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